The Fano factor for an integer-valued random variable is defined as the ratio of its variance to its mean. Light from various scintillation crystals has been reported to have Fano factors from sub-Poisson (Fano factor < 1), Poisson (Fano factor = 1) to super-Poisson (Fano factor > 1). For a given mean, a smaller Fano factor implies a smaller variance and thus less noise. We investigate if lower noise in the scintillation light results in better spatial and energy resolution in a scintillation imaging detector. The impact of Fano factor on estimation of position of interaction and energy deposited in simple gamma-camera geometries is estimated by calculating the Cramér-Rao bound. The calculated Cramér-Rao bound is quantitatively validated by estimating the variance of the maximum likelihood estimator.
INTRODUCTION
A scintillation gamma-ray imaging detector has a scintillation crystal which emits optical photons when excited by gamma rays. These optical photons are detected by an array of optical detectors whose outputs are used to estimate the position of interaction (x, y, z) and the energy deposited (E).
The Fano factor for an integer valued random variable is defined as the ratio of its variance to its mean. A scintillation crystal when excited by a gamma rays of energy E produces a random number of optical photons N . The Fano factor for the optical scintillation photons is defined as
where N and σ 2 N are the mean and the variance respectively of the number of optical photons detected. Based on the Fano factor, we can divide light sources into three categories: F N = 1 (Poisson), F N > 1 (super-Poisson) and F N < 1 (sub-Poisson). Light from scintillation crystals has been reported to have Fano factors ranging from sub-Poisson to super-Poisson.
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For a given mean number of optical photons, a smaller Fano factor implies a smaller variance in the number of optical photons. Thus light from scintillation crystals with a small Fano factor is less noisy than light from a scintillation crystal with a large Fano factor. The low-noise light will result in smaller variances in the detector outputs. We investigate if a smaller Fano factor results in better spatial or energy resolution.
The impact of Fano factor on position and energy estimation in simple gamma-camera geometries is estimated by calculating the Fisher information matrix. From the Fisher information matrix the Cramér-Rao bound (CRB) can be calculated.
3, 4 CRB is the theoretical lower bound on the variance of unbiased estimators. An unbiased estimator is called efficient if it achieves the CRB. 5 If an efficient estimator exists, the Maximum Likelihood (ML) estimator will be efficient. Thus the CRB can be verified if the variance of the ML estimator approaching it.
MODEL

Modeling the scintillation process
Gamma rays absorbed in a scintillator produce scintillation light by a complicated cascade process. The energy deposited by the gamma ray produces a high-energy electron at the point of interaction. In this study, we assume that all the scintillation light is emitted from the point of interaction. This is an approximation as the high-energy electron travels at a high velocity, depositing energy along its path. Some of this energy is converted to scintillation light. The point of interaction is assumed to be an isotropic radiator.
Consider a gamma-ray interaction that deposits energy E in the scintillator. The scintillator produces N optical photons with mean number of photons given by N = QE optical photons. Here Q is the average number of optical photons per unit-energy deposited. Due to the non-proportional response of the scintillator, Q is a function of deposited energy. 6 If we denote the Fano factor of the scintillator by F N , the variance in the number of optical photons is given by σ
We model the probability of producing N scintillation photons given energy E deposited as a discrete normal distribution. As our mean and variance are relatively large, we approximate the discrete normal distribution by a sampled continuous normal distribution.
Scintillator non-proportionality can result in a non-linear relationship between E and N . However there is a one-to-one mapping between N and E. Hence an estimate of N and Q(E) will enable us to estimate E. Assuming we know Q(E) from this point on, we can use N instead of E for energy estimation. We rewrite equation 3 by substituting energy (E) with the mean number of photons emitted (N ).
Modeling the photon transport
Given the number of optical photons produced in the scintillation process (N ), the incident optical photons on a detector with J pixels follow a multinomial distribution with J+1 outcomes (See equation 4). The first J outcomes are optical photons detected at pixels j = 1, 2 · · · J; with probability α j , where α j = η Ωj 4π . Here η -the quantum efficiency of the optical detectors is assumed to be independent of angle of incidence, Ω j is the solid angle subtended by the j th detector element from the point of interaction and α j is the probability of emitted optical photons being detected at the j th detector element. Thus α j is equal to the product of quantum efficiency and geometrical efficiency of the j th detector element. The (J + 1) th outcome contains all the optical photons not detected by any of the J pixels. Its mean is
The probability of g for an interaction at position (x, y, z), Fano factor F N and deposited energy E produces on average N optical photons is given by
FISHER INFORMATION MATRIX AND CRAMÉR-RAO BOUND
Likelihood and Score
For an estimation task, P r( g| θ) can be viewed as a function of θ for a fixed g. Thus P r( g| θ) is the likelihood function (l) of θ for an observed g.
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The sensitivity of the likelihood function to changes in the parameters ( θ) is given by the score. It is the gradient of the log likelihood.
In our case, θ = (x, y, z, N ), P r( g|x, y, z, F N , N ) has a complicated expression with many factorials. Taking the log for the score also does not help as the likelihood function has a summation over N . Thus we calculated the score using a numerical differentiation
Scores for y, z, N ; s y , s z , s N respectively have similar expressions.
Calculating Fisher Information Matrix and Cramér-Rao Bound from Score
The Fisher information matrix is the covariance matrix of the score. The elements of the Fisher information matrix are given by
If we have P parameters to estimate, the Fisher information matrix will be a P × P matrix.
The diagonal elements of the inverse of the Fisher information matrix is the CRB.
Ifθ i is the estimate of an unbiased estimator, then
Retro reflector t_ To minimize computation we use a 3 × 1 detector array. We estimate x, z and N and use y as a known parameter in the likelihood function. Computation time was further reduced by half by exploiting the symmetry of the system. 
Assumptions to maximize impact of Fano factor
Fano factor of the photoelectrons (F nj ) on the j th detector is given by
If α j is small, the effect of Fano factor of the scintillation light (F N ) on the variance of detector outputs will be small. As we are studying the effect of Fano factor, we make assumptions to maximize the impact of the Fano factor on the detector outputs. To maximize α j -the product of geometrical and quantum efficiency, we set the quantum efficiency of the detector to 1.
We also use large-area detector elements to maximize their geometrical efficiency. See Fig. 1 . Each pixel is 5 cm × 15 cm, so our detector is a 15 cm × 15 cm square. Using a 100% retro-reflector, the scintillation light emitted away from the detector is reflected back to the detector. The retro-reflector effectively doubles the light incident on the detector. 
CALCULATING CRAMÉR-RAO BOUND
The Fisher information matrix was calculated for the 3×1 pixel detector described in Section 4 as a function of the Fano factor (F N ) for different x, at y = 0, z = 2 cm. The gamma ray energy was assumed to be 50 keV with the scintillator yield being 70 optical photons / keV. Thus for a photoelectric interaction, the average number of optical photons (N ) are 3500.
The 3 × 3 Fisher information matrix is inverted to get CRB. CRB for x and z estimators (CRBx, CRBẑ respectively) for different Fano factors are plotted in Fig. 3 . CRB for the x and z estimates are found to be independent of the Fano factor. x (mm) Figure 3 . The Cramér-Rao bound for the x and z estimates as a function of x. The Cramér-Rao bound for the x estimate is the smallest over the boundary between two pixels. As we move away from the center of the detector, we collect a smaller fraction of the emitted optical photons and the Cramér-Rao bound rises for both the x and z estimate rises.
CRB forN for different Fano factors is plotted in Fig. 4 . CRB for the energy estimates close to the center of the detector (x = 0, y = 0) have a linear relationship with the Fano factor (Fig. 4) . As the point of interaction shifts towards the side, the geometrical efficiency reduces and as per equation 11, the effect of Fano factor diminishes as shown in Fig. 4 . 
MAXIMUM LIKELIHOOD ESTIMATION
The maximum likelihood estimator maximizes the likelihood function given by l( θ| g) = P r( g| θ).
The variance of a ML estimator is used for validating the results from the CRB calculations. The forward problem was simulated and data outputs for the detector described in Section 2 were generated.
Generating data
For a given Fano factor, we sample from the distribution in equation 3 to get the number of optical photons generated (N ) from the scintillation process.
For a given x, y = 0, z, the solid angles (Ω j ) subtended by each of the pixels are calculated. The probability of a photon being detected at the j th pixel is given by α j = 2 × η Ωj 4π . The factor of 2 accounts for the retro-reflector with 100 % reflectivity which doubles the light incident on the detector.
The number of optical photons detected on each pixel are generated using the multinomial statistics as given in equation 4.
Maximizing the log Likelihood
We used the probability model in equation 5. We maximized the log of the likelihood function using the NelderMead method to estimate the position of interaction (x, z) and the energy deposited (N ). 
COMPARISON OF CRAMÉR-RAO BOUND AND VARIANCE OF ML ESTIMATION
The variance of the estimates from the maximum likelihood estimator is expected to asymptotically approach the CRB. The CRB and the variance of the ML estimator were compared at (x=0, y=0, z=2 cm, N =3500). The variance of the ML estimator was estimated from 5000 gamma-ray interactions. The variance of the ML estimator was found to be in agreement with the Cramér-Rao bound at the center of the detector.
CONCLUSION
The CRB and the variance of the ML estimator indicate that in our model for the geometry of our detector Fano factor does not impact spatial resolution.
The position estimation is done for each individual gamma ray event. All algorithms estimate position by comparing signals (some sort of difference or division) on different pixels. If the total number of optical photons emitted increase from N to N + ∆N , on average all the pixel outputs increase. Thus the relative differences between the pixels do not change much. Consequently the position estimation is not very sensitive to small changes in the number of optical scintillation photons.
As expected, the energy estimation improves with smaller Fano factor.
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